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The pitching and plungingmotions of airfoils have received a lot of attention recently, due to the increased interest

in the design ofmicro air vehicles. The use of combined pitch–plungemotionwith phase difference between themhas

often been used for the generation of thrust and lift. These aerodynamic forces could be significantly enhanced under

similar operating conditions by using generalized pitch motion with variable center of wing rotation. The current

study investigated the flowfield and aerodynamic forces for this generalized pitchingmotion. Two-dimensional rigid

airfoils were taken as prototypes of micro air vehicle wings. First, the computational results were compared with the

available measurements for an SD 7003 airfoil in pure-pitch and pure-plunge motions at Re� 10; 000. Good

agreement was observed between the numerical computations and the experimental results in terms of streamwise

velocity, location of the vorticity contours, and wake profiles. Next, the pure-pitch case was considered with the

stationary centers of rotation located at different positions along the chord of the airfoil. It was found that the

maximum value of the computed average coefficient of lift was obtained when the pitching axis was positioned at

either the leading edge or the trailing edge. The generalized pitching motion computations were performed next. It

was observed that a phase difference of 90 deg between the pitching motion and the motion of the axis caused a

twofold increase of the mean coefficient of lift compared to the pitching about leading edge and combined pitch–

plungemotionwith a 90 deg phase difference. The stability of the leading-edge vortexwas found to be responsible for

the enhancement of lift by reduction in pressure at the upper surface of the airfoil. However, thrust force was not

generated by applying the generalized pitching alone, whereas it was generated by the combined pitch–plunge

motion. Finally, a generalized pitching motion combined with a superimposed plunging motion was studied. It was

found that for this motion, thrust was generated and the generated lift was higher than that for the generalized

pitchingmotion. This resultmay help in the use of superposition of kinematicmotions of wings to produce the desired

amount of lift and thrust.

Nomenclature

CL, �CL = instantaneous and average coefficient of lift
Cp = coefficient of pressure, �p � po�=�0:5�U2

1�
c = chord of the airfoil
h = plunging amplitude
he = maximum distance traveled by leading or trailing

edge during pitching motion
k = reduced frequency
p � po = gauge pressure.
Re = Reynolds number, U1c=�
T = time period of motion
t = nondimensional time (nondimensionalized by

c=U1)
U1 = freestream velocity
x�, y� = coordinates at t� 0
x�t�, y�t� = translational motion of the airfoil

(nondimensionalized by c)

xc, yc = center of rotation for pure pitching and generalized
pitching

��t� = rotational motion of the airfoil
�0, �a = pure-pitch amplitude and freestream angle of attack
� = phase difference

I. Introduction

T HE superior flight characteristics exhibited by birds and insects
with awingspan at or below15 cmcan be taken as a prototype of

the most perfect form of flying machine ever created. Birds and
insects achieve the aerodynamic performance of their flight by the
flapping motion of their wings and successfully overcome the wind
shear and gust conditions. The understanding of the flapping-wing
aerodynamics and its application to the design of micro air vehicles
(MAVs) and nano air vehicles has received a lot of attention recently.
The size of a MAVand its speed of operation result in relatively low
Reynolds number flight (104–105), which is far below the flying
conditions of a conventional fixed-wing aircraft [1,2]. In this flow
regime, rigid fixed wings drop dramatically in aerodynamic per-
formance because of flow separation, whereas flexible flapping
wings used by small natural fliers [3] do not exhibit a drop in aero-
dynamic performance. For the above size of wingspan and range of
Reynolds numbers, flapping wings have several advantages over
fixed wings, such as enhanced lift, low noise, and better maneu-
verability [1,4–6]. The advance in the microfabrication technology
also makes it possible to produce flapping wings at low cost [7]. This
has inspired a number of studies to obtain a clear understanding of the
aerodynamics of the bird and insect flights [8–11], including the
effect of wind gust [12].

The most commonly considered kinematic motions include the
pitching about constant axis, plunging motion, or a combination of
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both. A combined experimental and numerical study on the equiv-
alence of the angle of attack between the pitching and plunging
motions [13] suggested that the pitching motion produces better
aerodynamic performance (higher lift and thrust) for the same input
power compared to the plunging motion.

Although the motion of flapping wing in nature is rather complex,
the MAV literature focus has been on studying combined pitch–
plunge motions with fixed axis of rotation. In most combined
pitch–plunge motion studies, a properly chosen phase difference
introduced between the two separate motions (pitch and plunge) was
very important for superior aerodynamic performance. In particular,
it has been found that a phase difference of 90 deg between the
pitching (rotation about a fixed point at thewing chord) and plunging
(rotation about a point at infinity) motions corresponds to the best
aerodynamic performance [14–18].

Amodified version of the pitchingmotion (compared to traditional
pitching about a fixed axis of rotation) has been investigated in the
current study as an attempt to influence both the momentary and
period-averaged lift force. Pitching motion with moving axis of
rotation is considered. Aswill be seen from the results obtained in the

current research, a pitching motion with a moving axis of rotation
performs better in terms of generated lift than a combined pitch–
plunge motion if the phase difference between pitching motion and
periodic motion of center of rotation is selected properly.

The efficiency of different kinematic motions mentioned before
depend on the formation of the leading-edge vortex (LEV) and
occurrence of dynamic stall to ensure higher aerodynamic forces
generated by flapping wings [1,8,12]. The effect of the magnitude of
the leading-edge vortex and balance in creation and transport of
vorticity of the LEVare very important to determine the aerodynamic
performance of the flight [19]. Therefore, the current study
investigates the formation of the leading-edge vortex at Strouhal
(2kh=�) numbers less than 0.15 using the generalized pitching
motion and its effect on the aerodynamic forces.

Prior research [20] has shown that higher values of reduced
frequencies or amplitudes can result in the increase of lift forces. Our
aim is to be able to find kinematic motions to do the same at low
values of reduced frequencies and amplitudes by modifying the
kinematic motions. At low values of the Strouhal number (2khe=
�� 0:13, he is the maximum distance traveled by leading or trailing

Fig. 1 Numerical grid used for performing the computations:

a) leading edge and b) trailing edge (every second line is shown in the

figure).

Fig. 2 Periodic motion of the airfoil: a) time history of the coefficient of

lift for pitching motion (nondimensional time period is 0.8) and

b) pitching and plunging motions of the airfoil (schematic, not to scale).
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edge during pitching motion), the use of the pure-pitching motion
generates drag force. To create thrust, a generalized pitching motion
combined with plunging motion is proposed and studied. It is found
in the current study that for this motion thrust is generated and the
generated lift is higher than that for the standalone generalized
pitching motion.

The current study is based on numerical solution ofNavier–Stokes
equations. Numerical results are compared to inviscid quasi-steady
results obtained by Garrick [21] and Young [22]. Numerical and
approximate analytical results have good matching for regular
pitching and plunging motions, but not for the generalized pitching
motion. This confirms the need for computational fluid dynamics
(CFD) studies of flappingwingswith complex kinematics of motion.

The rest of the paper is arranged as follows. The computational
model is described in Sec. II. A two-dimensional rigid airfoil model
has been used for performing the numerical simulations. The two-
dimensional rigid airfoil model was chosen since many previous
studies were able to study the flapping motions in nature using two-
dimensional analogs [8]. The kinematic motions of the airfoil that
have been considered in the current study are introduced in Sec. III.
Comparison with experimental results for pitching and plunging
motions is presented in Sec. IV to validate the use of a two-
dimensional model. The investigation of the generalized pitching
motion and combined generalized pitching and plunging motions is
presented in Sec. V. Section VI contains the conclusions of the
current study and scope for future work.

II. Computational Method

The numerical computations are performed using an unsteady
Navier–Stokes solver in a noninertial coordinate systemmovingwith
the airfoil [23,24]. Another example of use of a moving grid for
flapping-wing motion combined with lower-order of approximation
(CFL3D) is presented in [25]. The current solver uses fourth-order
compact central differencing for spatial discretization [26], a tenth-
order implicit filter [27] to filter the unresolved wave numbers and to
avoid numerical oscillations, and a third-order low-storage explicit
Runge–Kutta scheme [28] and energy transfer and annihilation [29]
boundary condition for absorbing the outgoing waves at the artificial
domain boundaries. The numerical grid is generated using stream-
lines obtained from inviscid potential flow solution [24]. This grid-
generating algorithm generates H-grids around curvilinear geo-
metries while ensuring the orthogonality of the generated grid. The
method also allows for the easy clustering of points in the boundary
layer without sacrificing orthogonality. All the computations have
been performed on a 300 � 100H-grid. The numerical grid that has
been used for performing the computation is shown in Fig. 1 and grid
validity is checked in [23,24]. Grid clustering of 15 points across the
boundary layer was used. The rigid-bodymotion of the grid attached
to the moving airfoil is adopted to account for the kinematic motion.
The outer domain extends to 10 chords on along the streamwise
direction and 2–5 chords along the normal direction to the airfoil
surface.

Fig. 3 Comparison of streamwise velocity from experiments and numerical simulation at the top and bottom stroke for an SD 7003 airfoil in pure pitch

at Re� 10; 000: a) bottom stroke: experiment, b) bottom stroke: numerical, c) top stroke: experiment, and d) top stroke: numerical.
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The computations were initialized with a potential velocity field
computed for the purpose of grid generation (see above). The initial
transient was observed for about one period of motion. The solution
turned periodic after the initial transient (see Fig. 2a). To ensure and
test that the artificial boundary conditions at the domain boundaries
do not cause numerical reflections that contaminate the solution, the
computationswere runfirst for 25 periods ofmotion for the initial test
case. All other computations were run for 10 periods of motion.
Further details can be found in [23].

III. Airfoil Kinematics

The angular motion ��t� andCartesian coordinates x�t� and y�t� of
rigid airfoil (see Fig. 2b) pitching with the fixed center of rotation
(lying at the origin of the coordinate system at x� 0, and y� 0) are
given by

��t���0 cos�2kt�����a;x�t��x� cos����y� sin���; and

y�t��x� sin����y� cos��� (1)

where k� !c=2U1 is the reduced frequency, �0 is the amplitude of
the pitching motion, �a is the angle of attack of the airfoil in the
absence of pitching, � is used to introduce phase difference between
combined motions, �0 cos�2kt� �� is a momentary pitching angle,
x� and y� are the physical coordinates of an arbitrary point at airfoil
normalized by the airfoil chord length at t� 0, and c is the airfoil
chord. The airfoil coordinates for plunging motion are given by

x�t� � x�; y�t� � h cos�2kt� (2)

where h is the nondimensional plunging amplitude normalized by
the airfoil chord length. The kinematic motions for the generalized
pitching case are given by

x�t� � xc � �x� � xc� cos���t�� � �y� � yc� sin���t��
y�t� � yc � �x� � xc� sin���t�� � �y� � yc� cos���t��

xc � 0:5�1 � cos�2kt��; yc � 0 (3)

When xc 	 0 and yc 	 0, the airfoil performs the pure-pitching
motion about a fixed axis [see Eq. (1)].

IV. Comparison with Experiments

Our numerical results obtained for the SD7003 airfoil has been
validated against experimental data (see [30]) in which the details of
measurements techniques are provided. The SD7003 airfoil [31]was
chosen for the experiments because of the long and stable laminar
separation bubble that it exhibits over a broad range of angle of attack
and at Reynolds numbers below 100,000 [32]. The comparison of the
streamwise velocity contours and the computed vorticity contours
with the particle image velocimetry (PIV) measurements presented
in [25,30] are shown for the following two cases: 1) pure-pitching
motion at Re� 10; 000, k� 3:93, and ��t� � 4
 � 21
 cos�2kt�
and 2) pure-plunging motion at Re� 10; 000, k� 3:93, and

Fig. 4 Comparison of vorticity contours from experiments and numerical simulation at the top and bottom stroke for an SD 7003 in pure pitch at
Re� 10; 000: a) bottom stroke: experiment, b) bottom stroke: numerical, c) top stroke: experiment, and d) top stroke: numerical.
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y�t� � 0:05 cos�2kt�. In addition to the above comparisons,
comparison between the dye injection and numerical particle
tracking is shown for pure plunge at Re� 10; 000, k� 7:85, and
h� 0:05.

A. Pitching Motion About Fixed Center of Rotation

The comparison between the streamwise velocity contours and
vorticity contours during the top and bottom strokes are shown in
Figs. 3 and 4, respectively. The center of rotation has been fixed at the
quarter-chord location for the present case to match with the
experiments. In the PIV there is a mask blanking the shadow of the
laser light sheet (data not available in the narrow region below the SD
7003 airfoil in the experiments). There is a good qualitative
agreement between the numerical and experimental results. The
horizontal and vertical locations of the vortex cores are accurately
predicted. The upward motion of the vortex core observed in the
experiments has also been accurately captured. The numerical simu-
lations show somewhat higher magnitude of streamwise velocity
compared to the experimental measurements in certain regions.

The comparison of the streamwise velocity between the experi-
ments and numerical simulations are shown in Fig. 5, one chord
downstream of the trailing edge. For T � 0, the numerical
streamwise velocity profile in the wake (Fig. 5a) shows a lower
magnitude compared to the experiments but the shape of the profile
and thewidth has been capturedwell. Thevelocity profile in thewake
shows a higher magnitude in the numerical study compared to the
experiment and the peaks of the velocity is a bit higher compared to
the experiment (Fig. 5b) for T � 1=4. Finally, for T � 1=2 and 3/4,
numerical velocity profile in the wake shows a higher magnitude of
the peak compared to the experiments, similar to T � 1=4 (Figs. 5c
and 5d). Overall, there is a fair agreement between the numerical and
experimental profiles.

B. Plunging Motion

Similar to the above pure-pitch case, the velocity and vorticity (see
Figs. 6 and 7) show good agreement between experiments and
computations in plunging airfoil motion. In particular, the horizontal
and vertical locations of the vortex cores showing good corre-

Fig. 5 Comparison of streamwise velocity components for an SD 7003 in pure pitch atRe� 10; 000 in the wake at one-chord downstream of the trailing
edge: a) T � 0, b) T � 1=4, c) T � 1=2, and d) T � 3=4.
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Fig. 6 Comparison of streamwise velocity from experiments and numerical simulation at the top and bottom stroke for an SD 7003 in pure plunge at
Re� 10; 000: a) bottom stroke: experiment, b) bottom stroke: numerical, c) top stroke: experiment, and d) top stroke: numerical.

Fig. 7 Comparison of vorticity contours from experiments and numerical simulation at the top and bottom stroke for an SD 7003 in pure plunge at

Re� 10; 000: a) bottom stroke: experiment, b) bottom stroke: numerical, c) top stroke: experiment, and d) top stroke: numerical.
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spondence to the experimental results. The numerical simulations
predict a slightly higher magnitude of velocity and vorticity
compared to the experimental measurements in some areas. Because
of the mask blanking, the regions near the leading and trailing edges
cannot be clearly compared. The comparison of the streaklines from
experiments and numerical particle tracking (see [23] for details of
the particle tracking algorithm) is shown in Fig. 8 for a pure-plunge
case at Re� 10; 000, k� 7:85, and h� 0:05. A good agreement
between the streaklines observed in the dye injection experiment and
the numerical particle tracking is observed. The fair agreement
between the two-dimensional computational results and the
experiments provide encouragement for employing the developed

Fig. 8 Comparison between experimental dye injection and numerical particle tracking for an SD 7003 airfoil in pure plunge atRe� 10; 000, k� 7:85,
h� 0:05: a) bottom stroke: experiment, b) bottom stroke: numerical, c) top stroke: experiment, and d) top stroke: numerical.

Fig. 9 Comparison of the peak amplitude of the coefficient of lift

between the CFD computations and the analytical expression of Garrick

[21] and Young [22] for a range of plunging amplitudes.

Table 1 Average coefficient of lift for pure pitch about different

fixed axes of rotations

Location of axis
of rotation

Average
coefficient
of lift

Average
coefficient
of thrust

Quasi-steady
lift

Leading edge 0.25 �0:036 0.22
Quarter-chord 0.23 �0:038 0.22
Half-chord 0.21 �0:041 0.22
Trailing edge 0.24 �0:038 0.22
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two-dimensional solver for modeling of generalized pitching in the
current study.

V. Analysis of Aerodynamic Forces:
Generalized Pitching

The computed value of the peak coefficient of lift for the SD 7003
airfoil in pure plunge is compared with the analytical expression of
Garrick [21] andYoung [22] in Fig. 9 atRe� 10; 000, and k� 3:93,
with the varied plunging amplitude h� 0:05–0:075. Although the
expression of Garrick [21] is strictly valid only for symmetric
airfoils, the small value of the Strouhal number ensures that the
asymmetry of the airfoil does not significantly affect the predictions.
It can be seen from the figure that there is a good agreement between
Garrick [21] results and current CFD results.

Next, computations have been performed for an SD 7003 airfoil in
pure pitch at Re� 10; 000 for a reduced frequency and pitching
amplitude of 3.93 and 2 deg, respectively. In these computations, a
steady-state angle of attack �a is set to zero. The angle of attack
corresponding to zero lift in steady flight is equal to �2 deg for the
SD 7003 airfoil [25]. For the considered pitching amplitude, the

momentary steady lift should be always nonnegative, and period-
averaged steady lift is equal to 0.22.

The CFD computations were performed for the pitching axis
located at different positions (leading edge, the quarter of chord, the

Fig. 10 Instantaneous coefficient of lift for anairfoil in pitchingmotion:

a) pitching axis located at different points along the chord and
b) comparison of CFDand quasi-steady results for the pitching about the

leading edge. Right arrow indicates that the right vertical axis is used for

the plot.

Fig. 11 Kinematic motion for the generalized pitching case: a) MC1,

b) MC2, and b) MC3.
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half-chord, and the trailing edge) along the chord. The computed
values of the average coefficient of lift and thrust are shown in
Table 1, and the instantaneous coefficient of lift is shown in Fig. 10a
for a single period of oscillation. Next, we compare the computed
mean and instantaneous values of the coefficient of lift with the
results obtained from quasi-steady approximation (see the
Appendix). Instantaneous coefficient of lift obtained by CFD was
compared to quasi-steady approximations, as shown in Fig. 10b for
the case of pitching about the leading edge. In Table 1, coefficient of

lift has been averaged over a period and presented for the above-listed
locations of pitching axis. It can be seen from Fig. 10b that the quasi-
steady approximation shows a good agreement with CFD results.
Pitching about the leading edge corresponds to the maximum value
of the average coefficient of lift. The peak lift coefficient for the
leading-edge rotation point is the maximum because of the largest
possible radius of rotation, which is equal to c for the trailing edge.
The maximummomentary lift is enhanced by an order of magnitude
compared to the steady lift (see Fig. 10b).However, the negative peak
left coefficient is also the maximum by magnitude in this case, and
therefore the average lift is only moderately increased for this case.

It can be seen from Table 1 that the period-averaged lift for
leading-edge location of pitching axis is only 13.6% higher than that
generated by the steady angle of incidence. All the cases considered
result in drag (see Table 1, where pitching about the leading edge
shows minimum drag among considered cases).

Subsequently, computations were performed using the general-
ized pitching motion at the same Reynolds number, reduced
frequency, and pitching amplitude as before. Before proceeding with
a discussion of the forces, let us briefly discuss the generalized
pitching motion.

In the generalized pitching motion, the coordinate of the
momentary axis of pitching moves between leading and trailing

Table 2 Average coefficient of lift for periodically moving

center of rotationa

Case Average
coefficient
of lift

Average
coefficient
of thrust

�

Pitching about leading edge 0.25 �0:036 0
MC1 0.23 �0:023 0
MC2 0.59 �2e � 4 �=2
MC3 0.204 �0:028 �
Pitch-plunge 0.27 0.012 �=2
Pitch-plunge with MC2 0.67 0.007 �=2

aLift coefficient for pure pitch about the leading edge is presented for comparison.

Fig. 12 Plots of the pitching angle, axis motion, and instantaneous coefficient of lift for the generalized pitching case: a) MC1, b) MC2, and c) MC3.
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edges of the airfoil and is given by a sinusoidal function of time. From
Eq. (1), three different cases can be distinguished based on the phase
difference � between the pitching angle [Eq. (1)] and the motion of
the pitching axis [Eq. (3)]. The three different cases, denoted by
MC1, MC2, and MC3, are considered, with phase difference values
of 0, 90, and 180 deg, respectively. For the MC1 case (see Fig. 11a),
the maximum (minimum) pitching angle is obtained when the
instantaneous center of rotation is at the leading (trailing) edge. For
the MC2 case (see Fig. 11b), the pitching angle is 0 deg when the
instantaneous centers of rotation are located at the leading edge and at

the trailing edge. For this case, the maximum and minimum pitching
angles are obtained when the center of rotation is at the midchord
location. For the MC3 case (see Fig. 11c), the maximum (minimum)
pitching angle is obtained when the instantaneous center of rotation
is at the trailing (leading) edge.

The average coefficient of lift for the three generalized pitching
cases is compared in Table 2. It can be seen fromTable 2 that the time-
averaged coefficient of lift for the MC2 case is twice the value
obtained for the MC1 and MC3 cases, respectively. To study the
contribution of the quasi-steady effects to the time-averaged lift, the

Table 3 Comparison of the location of the primary/secondary maxima/minima for MC1, MC2, and MC3

Location MC1 MC2 MC3

��t�, deg xc�t�=c CL�t� ��t�, deg xc�t�=c CL�t� ��t�, deg xc�t�=c CL�t�
Min 1 0.5 0.38 �2:6 1.6 0.8 �2:14 2 1 �2:2
Min 2 �0:44 0.62 �1:32 �1:74 0.25 �1:0 �2 0 �1:85
Max 1 �2 1 2.6 1 0.06 3.12 �0:5 0.37 3.02
Max 2 2 0.02 2.25 �1:14 0.9 2.54 0.4 0.6 1.74

Fig. 13 Flowfield for the generalized pitching motion at 3
4
T: a) x velocity: MC1, b) x velocity: MC2, c) vorticity: MC1, and d) vorticity: MC2.
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Fig. 14 Comparison of the coefficient of pressure betweenMC1 andMC2: a)Cp contours:MC1 at timemoment corresponding to the localmaximumof

lift, Max1, b) Cp contours: MC2 at Max1, c) Cp on airfoil surface: Max1, d) Cp: Max2, e) Cp: Min1, and f) Cp: Min2.
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plot of the pitching amplitude, location of pitching axis, and
coefficient of lift are shown in Figs. 12a–12c, for theMC1,MC2, and
MC3 cases, respectively. Twominima and twomaxima over a period
are caused by interaction of two sinusoidal functions with the same
frequency: namely, motion of center of rotation and pitching motion.
The pitching angle, axis location, and instantaneous coefficient of lift
for all the three cases are given in Table 3. For all the cases, it can be
seen that the location and pitching amplitude of the maximum and
minimum values of the instantaneous coefficient of lift are approx-
imately symmetric about the half-chord. However, the value of the
coefficient of lift is not symmetric, due to the dynamicmotion effects.
For the MC3 case, the minimum values (denoted as Min1 and Min2
in Fig. 12c) of the instantaneous coefficient of lift are obtained when
the airfoil is at the trailing and leading edges, respectively (maximum
negative lift). For theMC3case,maximumpitch rate occurswhen the
center of rotation is at the vicinity of midchord for both the upstroke
and the downstroke phases; therefore, the effects of plunge velocity
on lift tend to cancel out. Hence, this can explain the reason for the
mean coefficient of lift for theMC3 case being smaller than theMC2
and MC1 case. For the MC1 case, the maximum values (denoted as
Max1 and Max2 in Fig. 12a) of the instantaneous coefficient of lift
are obtained at the leading and trailing edges, respectively
(maximum positive lift). However, the average coefficient of lift for
the MC1 case is clearly lower than the MC2 value (see Table 2).
Hence, this suggests that the dynamic effect of the airfoil motion is
themain factor that results in an increase of the average coefficient of
lift for the MC 2 case.

To investigate the reasons for the increase in the average
coefficient of lift for the MC2 case, the instantaneous streamwise
velocity and vorticity are shown in Fig. 13 at t� 0:75T. For theMC1
case, the velocity and vorticity contours show that the flow remains
attached to the airfoil everywhere except close to the trailing edge.
There is a small area of negative velocity in the flowfield near the
trailing edge. For the MC1 case, the LEV is not sustained during the
course of motion (see Cp curves for the MC1 case in Fig. 14) and
hence the effect of the motion of the pitching axis on the time-
averaged coefficient of lift is small (see Table 2, case MC1). For the
MC2 case, there is a visible separation of flow at the upper surface of
the airfoil and reattachment near x=c� 3

4
(see Fig. 13d). This cause a

significant reduction in the instantaneous pressure field at the upper
surface of the airfoil (see Figs. 14a–14f), thereby resulting in the
increase of the period-averaged coefficient of lift compare to steady
flight (see Table 2). As shown in Fig. 14 for time moments
corresponding to maxima and minima of lift, the LEV is sustained
during the period of airfoil motion for the MC2 case.

Although theMC2 causes an increase of the average coefficient of
lift compared to the steady case, MC1, and MC3, the MC2 case (see
Table 2) still does not generate thrust for the considered pitching
amplitude. The use of a combined pitch–plunge motion of the airfoil
with a phase difference of 90 deg has been commonly used in the
literature for generation of thrust [33]. To compare the performance
of the MC2 case with this combined motion, a combined pitch–
plunge simulation with a phase difference of 90 deg has been
performed with a plunging amplitude of h� 0:035. This value was
chosen to match the maximum displacement of the airfoil during the
pitching motion.

The obtained period-averaged coefficients of lift and thrust are
shown in Table 2. The combined pitch–plunge motion produces
more lift than in all cases of pure pitch with fixed pitching axis
presented in Table 1, but much less lift than in the MC2 case.
However, the combined pitch–plunge case produces thrust, whereas
the MC2 case results in drag. Hence, to investigate the possibility of
generating thrust in the MC2 case, further simulations were
performed for a combined pitch–plungemotionwith the axismoving
according to MC2. The mean coefficients of lift and thrust for this
motion are given in Table 2. It can be seen that this modified motion
produces a higher value of lift force than the MC2 case while
generating significant thrust at the same time.

This section is concluded with following observations:
1) Stable LEV causes a higher value of the mean coefficient of lift

for the MC2 case compared to the MC1 and MC3 cases.

2) Coefficient of lift for the MC2 case is more than two times
higher than that for combined pitch–plunge motion with a phase
difference of 90 deg.

3) Combined pitch–plunge motion with a phase difference of
90 deg between them produces thrust, whereas the MC2 case
produces drag.

4) MC2 case with an added plunge motion obtains higher mean
value of lift thanMC2 and produce thrust indicating the possibility of
using superposition of kinematics motions of wings to generate the
required lift and thrust forces.

VI. Conclusions

The numerical model of aerodynamics of flapping airfoils in
generalized pitching motion has been developed based on the high-
order finite-difference approximation of derivatives in numerical
solution of Navier–Stokes equations in a noninertial coordinate
system attached to the moving airfoil. Comparison of numerical
results for pitching and plunging motions of the airfoil with the
experimental data at Re� 10; 000 showed good agreement for
the streamwise velocity and vorticity, wake velocity profile, and
streaklines.

Next, the pure-pitch case was considered for the pitching axis
located at different points along the chord. It was observed that the
maximum mean coefficient of lift was obtained when the pitching
axis was at the leading or trailing edge. The comparison of the CFD
results with the quasi-steady expressions showed a good agreement
between them. The momentary lift appears to be an order of
magnitude higher than steady lift caused by the angle of incidence;
however, the time-averaged value of lift is only moderately higher
than that for steady flight.

The generalized pitching motion was then studied for three
different phase differences between the pitching amplitude and the
motion of the axis. It was found that the use of quasi-steady approx-
imation leads to significant error in the estimate of lift coefficient, and
therefore CFD computations are essential for the generalized
pitching motion of wings. It was found that the maximum mean
coefficient of lift was produced when the phase difference was
90 deg. Further, the value of lift was found to be more than doubled
compared to that obtained by combined pitch–plunge motion.
However, unlike the combined pitch–plungemotion, the generalized
pitching motion did not produce thrust.

Finally, a modified kinematic motion that adds a plunging motion
to the generalized pitchingmotionwas investigated. It was found that
this superposition of the motions increased the value of the lift
coefficient compared to a generalized pitching motion. Further, it
also generated thrust force as opposed to the generalized pitching
motion. Findings of this study support the use of superposition of
complex kinematic motions to obtain a needed amount of lift and
thrust.

Appendix: Quasi-Steady Approach

In a quasi-steady approach, the coefficient of lift has two
contributions: steady-state contribution and contribution from the
pitch/plunge motion. The total coefficient of lift can be written as

CL�t� � CL0 � CL1�t� (A1)

The expression for the steady-state contribution is given by

CL0 � 2���m � �0� (A2)

where �m is the mean angle of attack and �0 is the angle of attack for
zero lift (�2 deg for the SD 7003 airfoil [25]). The expression for
CL1�t� was derived by Garrick [21] and Young [22]. For pure-
pitching motion, the expression becomes [22]

CL1�t� � CLPeak cos�2kt� �L� (A3)

where CLPeak and �L are given by

GOPALAN AND POVITSKY 1895



CLPeak � 2��0
���������������������������������������������������������������������������������������������������������������������������������������������������������������������������
�1� �a � 1=2�2k2��F2 �G2� � k2=2F� �k� a�a � 1=2�k3�G� 1=4�1� a2k2�k2

p
(A4)

�L � �� tan�1
�
k=2 � �a � 1=2�kF�G
ak2=2� �a � 1=2�kG� F

�
(A5)

where C�k� � F�k� � iG�k� is the Theodorsen function, and a�
2xc=c� 1 is the pivot-point location parameter. The details of
expressions for pure plunge and combined pitch–plunge can be
found in [21,22].
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